We consider families F(∆) consisting of complex (n − 1)-dimensional projective algebraic compactifications of ∆-regular affine hypersurfaces Z f defined by Laurent polynomials f with a fixed n-dimensional Newton polyhedron ∆ in n-dimensional algebraic torus T = (C * ) n . If the family F(∆) defined by a Newton polyhedron ∆ consists of (n − 1)-dimensional Calabi-Yau varieties then the dual, or polar, polyhedron ∆ * in the dual space defines another family F(∆ * ) of Calabi-Yau varieties, so that we obtain the remarkable duality between two different families of Calabi-Yau varieties. It is shown that the properties of this duality coincide with the properties of Mirror Symmetry discovered by physicists for Calabi-Yau 3-folds. Our method allows to construct many new examples of Calabi-Yau 3-folds and new candidates for their mirrors which were previously unknown for physicists.
Introduction
Calabi-Yau 3-folds caught much attention from theoretical physics because of their connection with the superstring theory [21] . Physicists discovered a duality for Calabi-Yau 3-folds which is called Mirror Symmetry [1, 2, 3, 12, 17, 22, 35, 37] . This duality defines a correspondence between two topologically different Calabi-Yau 3-folds V and V ′ such that the Hodge numbers of V and V ′ satisfy the relations
Thousands examples of Calabi-Yau 3-folds obtained from hypersurfaces in weighted projective spaces have shown a a striking symmetry for possible pairs of integers (h 1,1 , h 2,1 ) relative to the transposition interchanging h 1,1 and h 2,1 [12, 34, 45] . This fact gives an empirical evidence in favor of the conjectural duality. On the other hand, physicists have proposed some explicit constructions of mirror manifolds [10, 22] for several classes of Calabi-Yau 3-folds obtained from 3-dimensional hypersurfaces in 4-dimensional weighted projective spaces P(ω 0 , . . . , ω 4 ). The property (1) for the construction of B. Greene and R. Plesser [22] was proved by S.-S. Roan [44] .
In the paper of P. Candelas, X.C. de la Ossa, P.S. Green and L. Parkes [13] the Mirror Symmetry was applied to give predictions for the number of rational curves of various degrees on general quintic 3-folds in P 4 . For degrees ≤ 3 these predictions were confirmed by algebraic geometers [18, 26] .
In [39] Morrison has presented a mathematical review of the calculation of P. Candelas et al. [13] . Applying analogous method based on a consideration of the Picard-Fuchs equation, he has found in [40] similar predictions for the number of rational curves on general members of another families of Calabi-Yau 3-folds with h 1,1 = 1 constructed as hypersurfaces in weighted projective spaces. Some verifications of these these predictions were obtained by S. Katz in [28] . The method of P. Candelas et al. was also applied to Calabi-Yau complete intersections in projective spaces by A. Libgober and J. Teitelbaum [36] whose calculation gave correct predictions for the number of lines and conics. Analogous results were obtained by physicists A. Font [19] , A. Klemm and S.Theisen [31, 32] .
In this paper we consider families F (∆) of Calabi-Yau hypersurfaces which are compactifications in n-dimensional projective toric varieties P ∆ of smooth affine hypersurfaces whose equations have a fixed Newton polyhedron ∆ and sufficiently general coefficients. Our purpose is to describe a general method for constructing of candidates for mirrors of Calabi-Yau hypersurfaces in toric varieties.
It turns out that all results on Calabi-Yau hypersurfaces and complete intersections in weighted and projective spaces, in particular the constructions of mirrors and the computations of predictions for numbers rational curves, can be extended to the case of Calabi-Yau hypersurfaces and complete intersections in toric varieties [6, 7, 8, 9] . We remark that the toric technique for resolving singularities and computing Hodge numbers of hypersurfaces and complete intersections was first developed by A.G. Khovansky [29, 30] . For the case of 3-dimensional varieties with trivial canonical class, toric methods for resolving quotient singularities were first applied by D. Markushevich [38] , S.-S. Roan and S.-T. Yau [43] .
Let us give an outline of the paper. Section 2 is devoted to basic terminology and well-known results on toric varieties. In this section we fix our notation for the rest of the paper. We use two definition of toric varieties. These definitions correspond to two kind of combinatorial data, contravariant and covariant ones.
In section 3 we consider general properties of families F (∆) of hypersurfaces in a toric variety P ∆ satisfying some regularity conditions which we call ∆-regularity. These conditions imply that the singularities of hypersurfeace are induced only by singularities of the embient toric variety P ∆ . The main consequence of this fact is that a resolution of singularities of P ∆ immediatelly gives rise to a resolution of singularities of all ∆-regular hypersurfaces, i.e., we obtain a simultanious resolution of all members of the family F (∆).
In section 4 we investigate lattice polyhedra ∆ which give rise to families of Calabi-Yau hypersurfaces in P ∆ . Such a polyhedra admit a combinatorial characterisation and will be called reflexive polyhedra. There exists the following crusial observation:
If ∆ ⊂ M Q is a reflexive polyhedron, then the corresponding dual polyhedron ∆ * in dual space N Q is also reflexive.
Therefore the set of all n-dimensional reflexive polyhedra admits the involution ∆ → ∆ * which induces the involution between families of Calabi-Yau varieties:
We use the notaion MIR for the involution acting on families of Calabi-Yau hypersurfaces corresponding to reflexive polyhedra in order to stress the following main conjecture:
The combinatorial involution Mir : ∆ → ∆ * acting on the set of all reflexive polyhedra of dimension d agrees with the mirror involution on conformal field theories associated to Calabi-Yau varieties from F (∆) and F (∆ * ).
The next purpose of the paper is to give arguments showing that the Calabi-Yau families F (∆) and F (∆ * ) are good candidates to be mirror symmetric, i.e., the involution MIR : F (∆) → F (∆ * ) agrees with properties of the mirror duality in physics.
LetẐ denotes a maximal projective crepant partial desingularization (MPCP-desingularization) of a projective Calabi-Yau hypersurface Z in P ∆ . First, using results of Danilov and Khovanskiî, we show that for n ≥ 4 the Hodge number h n−2,1 of MPCPdesingularizations of Calabi-Yau hypersurfaces in the family F (∆) equals the Picard number h 1,1 of MPCP-desingularizations of Calabi-Yau hypersurfaces in the family F (∆ * ). As a corollary, we obtain the relation (1) predicted by physicists for mirror symmetric CalabiYau 3-folds. Then, we prove that the nonsingular partẐ of Z consisting of the union of Z f with all (n − 2)-dimensional affine strata corresponding (n − 1)-dimensional edges of ∆ has always the Euler characteristic zero. We use this fact in the proof of a simple combinatorial formula for the Euler characteristic of Calabi-Yau 3-folds in terms of geometry of two 4-dimensional reflexive polyhedra ∆ and ∆ * . This formula immediately implies that for any pair of dual 4-dimensional reflexive polyhedra ∆ and ∆ * , Calabi-Yau 3-folds obtained as MPCP-desingularizations of Calabi-Yau hypersurfaces in F (∆) and in F (∆ * ) have opposite Euler characteristics.
Section 5 is devoted to relations between our method and other already known methods of explicit constructions of mirrors.
First, we calculate the one-parameter mirror family for the family of (n−1)-dimensional hypersurfaces of degree n + 1 in n-dimensional projective space and show that our result for quintic therefolds coincides the already known construction of physicists.
Next, we investigate the category C n of reflexive pairs (∆, M), where M is an integral lattice of rank n and ∆ is an n-dimensional reflexive polyhedron with vertices in M. Morphisms in the category C n give rise to relations between families of Calabi-Yau hypersurfaces in toric varieties. Namely, the existence of a morphism from (∆ 1 , M 1 ) to (∆ 2 , M 2 ) implies that Calabi-Yau hypersurfaces in F (∆ 1 ) consist of quotients by action of a finite abelian group of Calabi-Yau hypersurfaces in F (∆ 2 ).
We prove that if a reflexive polyhedron ∆ is an n-dimensional simplex, then the family F (∆) consist of deformations of quotiens of Fermat-type hypersurfaces in weighted projective spaces. As a result, we obtain that our method for constructions of mirror candidates coincides with the method of Greene and Plesser [22] , so that we obtain a generalization of the theorem of S.-S. Roan in [44] .
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The geometry of toric varieties
We follow notations of V. Danilov in [14] . Almost all statements of this section are contained in [41] and [42] .
Two definitions and basic notations
First we fix notations used in the contravariant definition of toric varieties P ∆ associated to a lattice polyhedron ∆.
M abelian group of rank n; M = Z ⊕ M;
∆ a convex n-dimensional polyhedron in M Q with integral vertices (i.e., all vertices of ∆ are elements of M); vol M ∆ (or d(∆)) the volume of the polyhedron ∆ relative to the integral lattice M, we call it the degree of the polyhedron ∆ relative to M;
n ] with the C-basis consisting of monomials
such that (m 0 , m 1 , . . . , m n ) ∈ C ∆ ; P ∆,M (or P ∆ ) = Proj S ∆ be an n-dimensional projective toric variety corresponding to the graded ring S ∆ ;
O ∆ (1) the ample invertible sheaf on P ∆,M corresponding to the graded S ∆ -module
Θ be an arbitrary l-dimensional polyhedral face of ∆ (l ≤ n); T Θ the corresponding l-dimensional T-orbit in P ∆ ; P Θ the l-dimensional toric variety which is the closure of T Θ ; P
Althought, the definition of toric varieties P ∆ associated with integral polyhedra ∆ is very simple, it is not always convenient. Notice that a polyhedron ∆ defines not only the corresponding toric variety P ∆ , but also the choice of an ample invertible sheaf O ∆ (1) on P ∆ and an embedding of P ∆ into a projective space. In general, there exist infinitely many different ample sheaves on P ∆ . As a result, there are infinitely many different integral polyhedra defining isomorphic toric varieties (one can take, for example, multiples of ∆ : k∆, k = 1, 2, . . .). If we want to get a one-to-one correspondence between toric varieties and some combinatorial data, we need covariant definition of toric varieties in terms of fans Σ of rational polyhedral cones. This approach to toric varieties gives more possibilities, it allows, for example, to construct affine and quasi-projective toric varieties as well as complete toric varieties which are not quasi-projective. N = Hom (M, Z) the dual to M lattice; * , * : M Q ×N Q → Q the nondegenerate pairing between the n-dimensional Q-spaces M Q and N Q ; σ an r-dimensional (0 ≤ r ≤ n) convex rational polyhedral cone in N Q having 0 ∈ N Q as vertex;
σ the dual to σ n-dimensional cone in M Q ;
an n-dimensional affine toric variety associated with the r-dimensional cone σ; N(σ) minimal r-dimensional sublattice of N containing σ ∩ N; A σ,N (σ) the r-dimensional affine toric variety corresponding to
Σ a finite rational polyhedral fan of cones in N Q ;
the subfan of Σ consisting of all cones σ ∈ Σ such that dim σ ≤ i; P Σ,N (or P Σ ) n-dimensional toric variety obtained by glueing of affine toric varieties A σ,N where σ ∈ Σ; P
Σ the open toric subvariety in P Σ corresponding to Σ [i] .
Inspite of the fact that the definition of toric varieties via rational polyhedral fans is more general than via integral polyhedra, we will use both definitions. The choice of a definition in the sequel will depend on questions we are interested in. In one situation, it will be more convenient to describe properties of toric varieties and their subvarieties in terms of integral polyhedra. In another situation, it will be more convenient to use the language of rational polyhedral fans. So it is important to know how one can construct a fan Σ(∆) from an integral polyhedron ∆, and how one can construct an integral polyhedron ∆(Σ) from a rational polyhedral fan Σ.
The first way ∆ ⇒ Σ(∆) is rather simple:
The set Σ(∆) of all cones σ(Θ), where Θ runs over all faces of ∆, determines the complete rational polyhedral fan defining the toric variety P ∆ .
The decomposition of P ∆ into a disjoint union of T-orbits T Θ can be reformulated via cones σ(Θ) in the fan Σ(∆) = Σ as follows.
is an open T-invariant subvariety in P Σ = P ∆ , and
Let us now consider another direction Σ ⇒ ∆(Σ). In this case, in order to construct ∆(Σ) it is not sufficient to know only a complete fan Σ. We need a strictly upper convex support function h : N Q → Q. Definition 2.1.3 Let Σ be a rational polyhedral fan and let h : N Q → Q be a function such that h is linear on any cone σ ⊂ Σ. In this situation h is called a support function for the fan Σ. We call The next proposition describes the construction of a polyhedron ∆ from a fan Σ supplied with a strictly convex support function h. Proposition 2.1.5 Let the convex polyhedron ∆ = ∆(Σ, h) to be defined as follows
where integral linear functions h σ : N → Z are considered as elements of the lattice M.
Then one has
We have seen already that the construction of an integral polyhedron ∆ from a fan Σ such that P ∆ ∼ = P Σ is not unique and depends on the choice of an integral strictly upper convex support function h. However, there exists an important case when we can make a natural choice of h.
Indeed, for every Q-Gorenstein toric variety P Σ we have the unique support function h K corresponding to the anticanonical divisor −K Σ = P Σ \ T. With a toric Q-Fano variety, one can associate two convex polyhedra:
The polyhedra ∆(Σ, h K ) and ∆ * (Σ, h K ) belong to M Q and N Q respectively.
Singularities and morphisms of toric varieties
Definition 2.2.1 Let σ ∈ Sigma be an r-dimensional cone in N Q . We denote by p σ the unique T/T σ -invariant point on the r-dimensional affine toric variety A σ,N (σ)
Since A σ,N splits into the product
open analytical neighbourhoods of any two points p, p ′ ∈ T σ are locally isomorphic. Therefore, it suffices to investigate the structure of toric singularities at points p σ where σ runs over cones of Σ.
The following two propositions are due to M. Reid [42] .
(ii) the point p σ ∈ A σ,N (σ) is Q-Gorenstein if ond only if the elements n 1 , . . . , n r are contained in an affine hyperplane
is k σ . The support function h K corresponds to the anticanonical divisor on P Σ .
Proposition 2.2.4 Assume that
has at the point p σ at most terminal singularity if and only if
(ii) A σ,N (σ) has at the point p σ at most canonical singularity if and only if 
is an elementary simplex.
(ii) P Σ is smooth if and only if for every cone σ ∈ Σ the polyhedron
is a regular simplex. [3] Σ is smooth.
We recall a combinatorial characterization of toric morphisms between toric varieties.
In this situation there arises a morphism of toric varietiesφ :
Example 2.2.10 Proper birational morphisms. Assume that ϕ is an isomorphism of lattices and φ(Σ ′ ) is a subdivision of Σ, i.e., every cone σ ∈ Σ is a union of cones of ϕ(Σ ′ ). In this caseφ is a proper birational morphism. Such a morphism we will use for constructions of desingularizations of toric singularities.
Using the description in 2.2.3 of support functions corresponding to anticanonical divisors on P Σ and P Σ ′ , we obtain. Our next purpose is to define some combinatorial notions which we use to construct MP CP -desingularizations of Gorenstein toric varieties (see 2.2.24).
Proposition 2.2.12 A proper birational morphism of Q-Gorenstein toric varieties
φ : P Σ ′ → P Σ
is crepant if and only if for every cone
Definition 2.2.14 Let A be a finite subset in ∆ ∩ Z n . We call A admissible if it contains all vertices of the integral polyhedron ∆.
Definition 2.2.15
Let A be an admissible subset in ∆ ∩ Z n . By an A-triangulation of ∆ ⊂ Q n we mean a finite collection T = {θ} of simplices with vertices in A having the following properties:
(i) if θ ′ is a face of a simplex θ ∈ T , then θ ′ ∈ T ; (ii) the vertices of each simplex θ ∈ T lie in ∆ ∩ Z n ; (iii) the intersection of any two simplices θ 1 , θ 2 ∈ T either is empty or is a common face of both;
(iv) ∆ = θ∈T θ; (v) every element of A is a vertex of some simplex θ ∈ T .
Remark 2.2.17 Note that T is a maximal triangulation of ∆ if and only if every simplex θ ∈ T is elementary. Therefore, if T is a maximal triangulation of ∆, then for any face Θ ⊂ ∆ the induced triangulation of Θ is also maximal.
Assume that A is admissible. Denote by Q A the Q-space of functions from A to Q. Let T be a triangulation of ∆. Every element α ∈ Q A can be uniquely extended to a piecewise linear function α(T ) on ∆ such that the restriction of α(T ) on every simplex θ ∈ T is an affine linear function.
Definition 2.2.18 Denote by C(T ) the convex cone in Q
A consisting of elements α such that α(T ) is an upper convex function. We say that a triangulation T of ∆ is projective if the cone C(T ) has a nonempty interior. In other words, T is projective if and only if there exists a strictly upper convex function α(T ). 
Remark 2.2.20
In the paper Gelfand, Kapranov, and Zelevinsky [20] , it has been used the notion of a regular triangulation of a polyhedron which is called in this paper a projective triangulation. The reason for such a change of the terminology we will see in 2.2.24. Recall the following description of the fundamental group of toric varieties.
Proposition 2.2.22
The fundamental group of a toric variety P Σ is isomorphic to the quotient of N by sum of all sublattices N(σ) where σ runs over all cones σ ∈ Σ. In particular, the fundamental group of the non-singular open toric subvariety P [1] Σ is isomorphic to the quotient of N by sublattice spanned by all primitive integral generators of 1-dimensional cones σ ∈ Σ (1) .
We will use the following characterization of toric Fano varieties in terms of he polyhedra
Proposition 2.2.23 A complete toric variety P Σ with only Q-Gorenstein singularities is a Q-Fano variety (see 2.1.6) if and only if ∆(Σ, h K ) is an n-dimensional polyhedron with vertices −k σ one-to-one corresponding to n-dimensional cones σ ∈ Σ. In this situation,
a Fano variety with only Gorenstein singularities if and only if all vertices of
(
ii) P Σ is a smooth Fano variety if and only if for every
Now we come to the most important statement which will be used in the sequel. 
Moreover, MPCP-desingularizations of P Σ are defined by maximal projective triangulations of the polyhedron ∆ * (Σ, h K ), where h K the integral strictly upper convex support function associated with the anticanonical divisor P Σ \ T on P Σ .
Proof. Define a finite subset A in N as follows
It is clear that A is an admissible subset of ∆ * (Σ, h K ). By 2.2.19, there exists at least one projective A-triangulation T of ∆ * (Σ, h K ). Let B be the boundary of ∆ * (Σ, h K ). For every simplex θ ∈ B, we construct a convex cone σ θ supporting θ. By definition 2.2.15, the set of all cones σ θ (θ ∈ T ∩ B) defines a fan Σ ′ which is a subdivision of Σ. Since generators of 1-dimensional cones of Σ are exactly elements of A∩B, the morphism
By 2.2.18, there exists a strictly upper convex function α(T ). We can also assume that α(T ) has zero value at 0 ∈ N. Then α(T ) defines a strictly convex support function for the fan Σ ′ . Thus, P Σ ′ is projective. By 2.2.8(i) and 2.2.17, we obtain that the morphism
By similar arguments, one can prove that any MP CP -desingularization defines a maximal projective triangulation of ∆ * (Σ, h K ).
3 Hypersurfaces in toric varieties 
If we work with a fixed Newton polyhedron ∆, we denote Z f,∆ simply by Z f .
Let Z f,∆ be the closure of Z f,∆ ⊂ T in P ∆ . For any face Θ ⊂ ∆, we put Z f,Θ = Z f,∆ ∩ T Θ . So we obtain the induced decomposition into the disjoint union Since the space L(∆) can be identified with the space of global sections of the ample sheaf O ∆ (1) on P ∆ , using Bertini theorem, we obtain:
We extend the notion of ∆-regular hypersurfaces in P ∆ to the case of hypersurfaces in general toric varieties P Σ associated with rational polyhedral fans Σ. Definition 3.1.4 Let Z f,Σ be the closure in P Σ of an affine hypersurface Z f defined by a Laurent polynomial f . Consider the induced decomposition into the disjoint union
where Z f,σ = Z f,Σ ∩ T σ . A Laurent polynomial f and the corresponding hypersurfaces Z f ⊂ T, Z f,Σ ⊂ P Σ are said to be Σ-regular if for every s-dimensional cone σ ∈ Σ the variety Z f,σ is empty or a smooth subvariety of codimension 1 in T σ . In other words, Z f,Σ has only transversal intersections with all T-orbits T σ (σ ∈ Σ). Affine varieties Z f,σ are called strata on Z f,Σ associated with the cones σ ⊂ Σ.
Denote by Z
f,Σ the open subvariety in Z f,Σ defined as follows
Let σ be an s-dimensional cone in Σ. If we apply the implicit function theorem and the standard criterion of smoothness to the affine hypersurface Z f,σ ⊂ T σ contained in the open n-dimensional affine toric variety
then we obtain: For the case of ∆-regular hypersurfaces in a toric variety P ∆ associated with an integral polyhedron ∆, one gets from 2.1.1 the following. Applying 2.2.9, we also conclude:
f,Σ consists of smooth points if P Σ has only terminal singularities.
f,Σ consists of smooth points if P Σ has only Q-factorial Gorenstein terminal singularities.
(iii) Z 
Proof. The statement follows from the fact that for any cone
One can use 3.1.7 and 3.2.1 in order to construct partial desingularizations of hypersurfaces Z f,Σ .
Proposition 3.2.2 Let P Σ be a projective toric variety with only Gorenstein singularities. Assume thatφ
:
Proof. By 2.2.2, 2.2.4, 3.1.5, Z f,Σ has at most Gorenstein singularities and Zφ * f,Σ ′ has at most Q-factorial terminal singularities. It suffuces now to apply the adjunction formula.
be the corresponding finite surjective morphism of toric varieties. Then for any Σ-regular hypersurface Z f in P Σ the hypersurfacẽ
Proof. It is sufficient to observe that for any cone σ ∈ Σ ∼ = Σ ′ the affine variety Zφ * f,σ is anêtale covering of Z f,σ whose Galois group is isomorphic to the cokernel of the homomorphism N ′ (σ) → N(σ) (see 2.2.21).
The Hodge structure of hypersurfaces
We are interested now in the calculation of the cohomology groups of ∆-regular hypersurfaces Z f in toric varieties P ∆ . The main difficulty in this calculation is connected with singularities of Z f . So we will try to avoid singularities and to calculate cohomology groups not only of compact compact hypersurfaces Z f , but also ones of some naturally defined smooth open subsets in Z f . For the last purpose, it is more convenient to use cohomology with compact supports which we denote by H i c ( * ). First we note that there exists the following analog of the Lefschetz theorem for ∆-regular hypersurfaces proved by Bernstein, Danilov and Khovanskiî [15] . 
is bijective for i > n − 1 and injective for i = n − 1.
Using this theorem, one can often reduce the calculation of cohomology groups H i (or H i c ) to the "interesting" case i = n − 1. We consider below several typical examples of such a situation. Since the calculation of cohomology groups of smooth affine toric varieties is very simple, we obtain a complete information about all cohomology groups except for i = n − 1 using the following property. 
This pairing is compatible with Hodge structures, where H 2k c (W ) is assumed to be a 1-dimensional C-space of the Hodge type (k, k).
If we take U = T, then V = Z f . The Euler characteristic of Z f was calculated by Bernstein, Khovanskiî and Kushnirenko [33] , [29] .
In particular, we obtain:
Definition 3.3.6 Let P be a compact convex subset in M Q . Denote by l(P ) the number of integral points in P ∩ M, and by l * (P ) the number of integral points in the interior of P .
There exist general formulas for the Hodge-Deligne numbers h p,q (Z f ) of the mixed Hodge structure in the (n − 1)-th cohomology group of an arbitrary ∆-regular affine hypersurface in T (Danilov and Khovanskiî [15] ). For the numbers h n−2,1 (Z f ) and h n−2,0 (Z f ), we get the following (see [15] , 5.9).
We will use in the sequel the following properties of the numbers h p,q (H k c (Z f )) of affine hypersurfaces for cohomology with compact supports (see [15] ):
Although we consider the mixed Hodge structure in the cohomology group of the affine hypersurface Z f , we get eventually some information about the Hodge numbers of compactifications of Z f . From general properties of the mixed Hodge structures [16] , one obtains: 
the induced mapping of cohomology groups. Then the weight subspace W n−1 H n−1 (Z) coincides with the image j * (H n−1 (Z)). In particular, one has the following inequalities between the Hodge numbers of Z and the Hodge-Deligne numbers of Z:
4 Calabi-Yau hypersurfaces in toric varieties 4.1 Reflexive polyhedra and reflexive pairs Definition 4.1.1 If P is an arbitrary compact convex set in M Q containing the zero vector 0 ∈ M Q in its interior, then we call
the dual set relative to P .
The dual set P * is a convex compact subset in N Q containing the vector zero 0 ∈ N Q in its interior. Obviously, one has (P * ) * = P .
Example 4.1.2 Let E be a Euclidian n-dimensional space, * , * the corresponding scalar product, P = {x | x, x ≤ R} the ball of radius R. Using the scalar product, we can identify the dual space E * with E. Then the dual set P * is the ball of radius 1/R.
Proposition 4.1.3 Let P ⊂ M Q be a convex set containing 0 in its interior, C P ⊂ M Q the convex cone supporting P , N Q = Q ⊕ N Q the dual space, C P * ⊂ N Q the convex cone supporting P * ⊂ N Q . Then C P * is the dual cone relative to C P .
Proof. Let x = (x 0 , x) ∈ M Q , y = (y 0 , y) ∈ M Q . Since x 0 and y 0 are positive, one has
x ∈ C P ⇔ x/x 0 ∈ P and y ∈ C P * ⇔ y/y 0 ∈ P * .
Therefore, x, y = x 0 y 0 + x, y ≥ 0 if and only if x/x 0 , y/y 0 ≥ −1.
Definition 4.1.4 Let H be a rational affine hyperplane in M Q , p ∈ M Q an arbitrary integral point. Assume that H is affinely generated by integral points H ∩ M, i.e., there exists a primitive integral element l ∈ N such that for some integer c
Then the absolute value | c − p, l | is called the integral distance between H and p. The following simple property of reflexive polyhedra is very important. Proof. Let Θ 1 , . . . , Θ k be (n − 1)-dimensional faces of ∆, H 1 , . . . , H k the corresponding affine hyperplanes. By 4.1.5, there exist integral elements l 1 , . . . , l k ∈ N Q such that for all
So ∆ * is a convex hull of the integral points l 1 , . . . , l k , i.e., ∆ * is an integral polyhedron. Let p 1 , . . . , p m be vertices of ∆. By 4.1.1, for any j (1 ≤ j ≤ m)
is a (n − 1)-dimensional face of ∆ * . Thus, ∆ * contains 0 ∈ N Q in its interior, and the integral distance between 0 and every (n − 1)-dimensional affine linear subspace generated by (n − 1)-dimensional faces of ∆ * equals 1.
We can establish the following one-to-one correspondence between faces of the polyhedra ∆ and ∆ * . 
Then one gets the one-to-one correspondence Θ ↔ Θ * between faces of the polyhedra ∆ and ∆ * reversing the incidence relation of the faces. 
The next theorem describes the relationship between reflexive polyhedra and CalabiYau hypersurfaces. Proof. Since Z f is an ample Cartier divisor on P ∆ , (i)⇒(ii) follows from the adjunction formula.
The equivalence (ii)⇔(iii) follows from 2.2.23. Assume that (ii) and (iii) are satisfied. Let us prove (i). By the adjunction formula, it follows from (ii) that every hypersurface Z f has trivial canonical divisor. By the vanishing theorem for arbitrary ample divisors on toric varieties [14] , one gets
for 0 < i < n − 1. By 3.1.6, singularities of Z f are analytically isomorphic to toric singularities of P ∆ . Since all singularities of P ∆ are Gorenstein, by 2.2.5, they are also canonical. So every ∆-regular hypersurface satisfies 4.1.8.
The next statement follows from definitions of the polyhedra ∆(Σ, h K ) and ∆ * (Σ, h K ). 
In particular, if Σ * is a rational polyhedral fan defining the Gorenstein toric Fano variety
Thus, in order to construct a rational polyhedral fan Σ(∆) corresponding to a reflexive polyhedron ∆, one can use the following another way: we take the dual reflexive polyhedron ∆ * and apply the statement There is the following finiteness theorem for reflexive polyhedra. This statement follows from the finiteness theorem in [5] , or from results in [11, 25] .
Singularities and morphisms of Calabi-Yau hypersurfaces
Let ∆ be a reflexive polyhedron, ∆ * the dual reflexive polyhedron. Take a maximal projective triangulation T of ∆. It follows from the proof of 2.2.24 that T defines a MP CP -desingularization ϕ T :P ∆ → P ∆ of the Gorenstein toric variety P ∆ . Let Z f be a ∆-regular Calabi-Yau hypersurface in P ∆ . PutẐ We have seen already in 3.1.6 that for any face Θ ⊂ ∆ and any ∆-regular Laurent polynomial f ∈ L(∆) local neighbourhoods of points belonging to the same stratum Z f,Θ are analitically isomorphic. Thus, if a stratum Z f,Θ consists of singular points of Z f , then all these singularities are analitically isomorphic. Our purpose now is to describe singularities along Z f,Θ and their MP CP -desingularizations in terms of triangulated diagrams.
Let T | Θ * be a triangulated diagram. Then we obtain a subdivision Σ(T , Θ) of the cone σ = σ[Θ * ] into the union of subcones supporting elementary simplices of the triangulation T | Θ * . By 2.2.10, one has the corresponding projective birational toric morphism Proof. Since ϕ T :P ∆ → P ∆ is a birational toric morphism, the T-action induces isomorphisms of fibers of ϕ T over closed points of a T-stratum T Θ . Thus, we obtain isomorphisms between fibers of ϕ T over closed points of Z f,Θ ⊂ T Θ . By 2.1.
whose vertical maps are divisions by the action of the torus T Θ . So the fiber ϕ −1 T (p) over any closed point p ∈ T Θ * is isomorphic to the fiber ϕ −1 T ,Θ * (p σ ) of the projective toric morphism ϕ T ,Θ * . Therefore, irreducible divisors of P Σ(T ,Θ) over p σ one-to-one correspond to integral points in the interior of Θ * . On the other hand, the toric morphism ϕ T ,Θ * has an action the (n − l)-dimensional In this case, small analytical neighbourhoods of points on Z f,Θ are analytically isomorphic to product of (n − 3)-dimensional open ball and a small analytical neighbourhood of 2-dimensional double point singularity of type A d(Θ * )−1 .
The fiber of ϕ T over any point of Z f,Θ is the Hirzebruch-Jung tree of l * (Θ * ) = d(Θ * ) − 1 smooth rational curves having an action of C * .
Definition 4.2.7 Let (∆ 1 , M 1 ) and (∆ 2 , M 2 ) be two reflexive pairs of equal dimension. A finite morphism of reflexive pair
is a homomorphism of lattices φ :
By 2.2.21, we obtain:
be a finite morphism of reflexive pairs. Then the dual finite morphism
induces a finite surjective morphism
Moreover, the restrictionφ
is anêtale morphism of degree
Proof. It remains to show thatφ
regular. By 3.1.7 and 4.1.9, two quasi-projective varieties Z [1] f and Z [1] φ * f are smooth and have trivial canonical class. Therefore, any finite morphism of these varieties must beêtale.
The Hodge number
Let us apply the result of Danilov and Khovanskiî (see 3.3.7) to the case of reflexive polyhedra ∆ of dimension ≥ 4. Using the properties l * (2∆) = l(∆), l * (∆) = 1, we can calculate the Hodge-Deligne number h n−2,1 (Z f ) of an affine Calabi-Yau hypersurface Z f as follows.
Theorem 4.3.1 Let ∆ be a reflexive n-dimensional polyhedron (n ≥ 4), then the HodgeDeligne number h n−2,1 of the cohomology group
In fact, we can calculate the Hodge-Deligne space H n−2,1 (Z f ) itself (not only the dimension h n−2,1 ). 
where
We want now to calculate for n ≥ 4 the Hodge number h n−2,1 of a MPCP-desingularizationẐ f of the toroidal compactification Z f of Z f .
For this purpose, it is convenient to use the notion of the (p, q)-Euler characteristic e p,q c introduced in [15] . 
Definition 4.3.5 A stratification of a compact algebraic variety V is a representation of V as a disjoint union of finitely many locally closed smooth subvarieties {V j } j∈J (which are called strata) such that for any j ∈ J the closure of V j in V is a union of the strata.
The following property follows immediately from long cohomology sequences (see [15] ). Returning to our Calabi-Yau varietyẐ f , we see thatẐ f is always quasi-smooth. Therefore the cohomology groups 
First, we define a convenient stratification ofẐ f . Let ϕ T :Ẑ f → Z f be the corresponding birational morphism. ThenẐ f can be represented as a disjoint unionẐ
On the other hand, all irreducible components of fibers of ϕ T over closed points of Z f,Θ are toric varieties. Therefore, we can define a stratification of ϕ −1 T (Z f,Θ ) by smooth affine algebraic varieties which are isomorphic to products Z f,Θ × (C * ) k some nonnegative integer k.
As a result, we obtain a stratification ofẐ f by smooth affine varieties which are isomorphic to products Z f,Θ × (C * ) k for some face Θ ⊂ ∆ and for some nonnegative integer k. Second, we note that (n − 2, 1)-Euler characteristic of Z f,Θ × (C * ) k might be nonzero only in two cases: Θ = ∆, or dim Θ = n − 2 and k = 1. The latter follows from 3.3.8, 4.3.4, and from the observation that the (p, q)-Euler characteristic of an algebraic torus (C * ) k is nonzero only if p = q .
We already know from 4.3.1 that
On the other hand, the strata which are isomorphic to Z f,Θ × C * appear from the fibers of ϕ T over (n − 3)-dimensional singular affine locally closed subvarieites
On the other hand, one has e n−2,1 c
It is clear that e Thus we come to the following result.
where Θ denotes a face of a reflexive n-dimensional polyhedron ∆, and Θ * denotes the corresponding dual face of the dual reflexive polyhedron ∆ * . Proof. If P ∆ , or P ∆ * is a smooth toric Fano variety, then for any face Θ of codimension 2, one has l * (Θ) = 0, or l * (Θ * ) = 0.
First we note that the group of principal T-invariant divisors is isomorphic to the lattice M. Applying 2.2.24, we obtain:
where Θ * denotes a face of the dual to ∆ reflexive n-dimensional polyhedron ∆ * , and Θ denotes the corresponding dual to Θ face of the reflexive polyhedron ∆.
Proof. By 2.2.24, a MP CP -desingularizationẐ f of a ∆-regular Calabi-Yau hypersurface Z f is induced by a MP CP -desingularization ϕ T :P ∆ → P ∆ of the ambient toric Fano variety P ∆ . SinceẐ f has only terminal Q-factorial singularities, i.e.,Ẑ f is quasi-smooth [14] , the Hodge structure in cohomology groups ofẐ f is pure and satisfies the Poincare duality (see 3.3.3) . Therefore, the number h 1,1 equals the Hodge number h n−2,n−2 in the cohomology group H n−2 c (Ẑ f ) with compact supports. By the Lefschetz-type theorem (see 3.3.1), if n ≥ 4, then for i = n − 3, n − 4 the Gysin homomorphisms
are isomorphisms of Hodge structures with the shifting the Hodge type by (1, 1) . On the other hand, H 2n−1 c humber h
Calabi-Yau 3-folds
We begin with the remark that only if dim ∆ = 4 both statements 4.2.3 and 4.4.3 hold. In this case, we deal with 3-dimensional Calabi-Yau hypersurfaces Z f ⊂ P ∆ which admit smooth MP CP -desingularizationsẐ f .
Calabi-Yau 3-foldsẐ f are of primary interest in theoretical physics. The number
is called the number of generations in superstring theory [21] . So it is important to have a simple formula for the Euler characteristic e(Ẑ f ).
We have already calculated the Hodge numbers h 1,1 (Ẑ f ) and h n−2,1 (Z f ). So we obtain 
This implies also.
Now we prove a more simple another formula for the Euler characteristic of Calabi-Yau 3-folds. 
In our proof of theorem 4.5.3 we will use one general property of smooth quasi-projective open subsets Z [1] f in Z f consisting of the union of the affine part Z f and all affine strata Z f,Θ , where Θ runs over all faces of ∆ of codimension 1, i.e., f is always zero.
Proof. Since Z [1] f is smooth, the Euler characteristic of the usual cohomology groups H * (Z T (Z f,Θ ). We know that ϕ is an isomorphism over Z [1] f which is the union of the strata Z f,Θ (dim Θ = 3, 4). By 4.5.4, e(Z 
Since the duality between ∆ and ∆ * establishes a one-to-one correspondence between 1-dimensional (respectively 2-dimensional) faces of ∆ and 2-dimensional (respectively 1-dimensional) faces of ∆ * , we again obtain: 5 Mirror symmetry 5.1 Mirror candidates for hypersurfaces of degree n + 1 in P n Consider the polyhedron ∆ n in M Q ∼ = Q n defined by inequalities
Then ∆ n is a reflexive polyhedron, and F (∆) is the family of all hypersurfaces of degree n + 1 in P n = P ∆n . The polyhedron ∆ n has n + 1 (n − 1)-dimensional faces whose interiors contain exactly n integral points. These n(n + 1) integral points form the root system of type A n . The number l(∆ n ) equals 2n+1 n . Thus the dimension of the moduli space of F (∆ n ) equals
The dual polyhedron ∆ * n has n + 1 vertices
The corresponding toric Fano variety P ∆ * n is a singular toric hypersurface H n+1 of degree n + 1 in P n+1 defined by the equation
where (u 0 : . . . : u n+1 ) are homogeneous coordinates in P n+1 .
Since the simplex ∆ n is (n + 1)-times multiple of n-dimensional elementary simplex of degree 1, the degree d(∆ n ) equals (n + 1)
n . On the other hand, the dual simplex ∆ * n is the union of n + 1 elementary simplices of degree 1, i.e., d(∆ * n ) = n + 1. There exists a finite morphism of degree (n + 1)
where φ(u n+1 ) = (−1, . . . , −1) ∈ ∆ n and
It is easy to see now that
Let (v 0 : v 1 : . . . : v n ) be the homogeneous coordinates on P n . The corresponding to φ etale mapping of smooth quasi-projective toric Fano varieties
has the following representation in homogeneous coordinates
Using 4.3.1, it is easy to show that h n−2,1 (Z f ) = 1. We can also describe the moduli space of the family F (∆ * n ). Since H n+1 is invariant under the action of the n-dimensional torus
the equation
defines an isomorphic to Z f hypersurface Z t * (f ) . Moreover, multiplying all coefficients {a i } (0 ≤ i ≤ n + 1) by the same non-zero complex number t 0 , we get also a C * -action.
Thus, up to the action of the (n + 1)-dimensional torus C * × T on n + 2 coefficients {a i }, we get the one-parameter mirror family of Calabi-Yau hypersurfaces in H n+1 defined by the equation
where the number
is uniquely defined up to an (n + 1)-th root of unity. Using the homogeneous coordinates {v i } on P n , we can transform this equation to the formφ
where a n+1 is a canonical parameter of the corresponding subfamily in F (∆ n ) of smooth (n − 1)-dimensional hypersurfaces in P n . Example 5.1.2 If we take n = 4, then the corresponding finite abelian group is isomorphic to (Z/5Z) 3 and we come to the mirror family for the family of all 3-dimensional quintics in P 4 considered in [13] .
A category of reflexive pairs
The set of all reflexive pairs of dimension n forms a category C n whose morphisms are finite morphisms of reflexive pairs (4.2.7). The correspondence between dual reflexive pairs defines an involutive functor Mir :
which is an isomorphism of the category C n with the dual category C * n .
It is natural to describe in C n some morphisms satisfying universal properties.
Definition 5.2.1 Let
be a finite morphism of reflexive pair. The morphism φ 0 is said to be minimal if for any finite morphism
there exists the unique morphism
A reflexive pair in C n is called a minimal reflexive pair, if the identity morphism of this pair is minimal.
Note the following simple property.
Proposition 5.2.2 Assume that there exist two finite morphisms
Then φ 1 and φ 2 are isomorphisms.
Proof. The degrees of φ 1 and φ 2 are positive integers. On the other hand, by 4.2.8,
.e., φ 1 and φ 2 are isomorphisms of reflexive pairs.
Corollary 5.2.3 Assume that
is a minimal morphism. Then (∆ 0 , M 0 ) is a minimal reflexive pair. 
The next proposition completely describes minimal reflexive pairs and the set of all finite morphisms to a fixed reflexive pair (∆, M). 
is also a reflexive pair, and
is a minimal morphism.
The proof immediately follows from the definition of reflexive pair 4.1.5.
Corollary 5.2.6 All reflexive pairs having a finite morphism to a fixed reflexive pair
be a finite morphism of reflexive pair. The morphism φ 0 is said to be maximal if for any finite morphism
there exists the unique morphism 
Moreover, the pair (∆, M ∆ ) is dual to the minimal pair (∆ * , N ∆ * ) having the morphism
as minimal.
Corollary 5.2.9 All reflexive pairs having finite morphisms from a fixed reflexive pair
Example 5.2.10 Let (∆ n , M) and (∆ * n , N) be two reflexive pairs from the previous section. Since the lattice N is generated by vertices of ∆ * n , the reflexive pair (∆ * n , N) is minimal. Therefore, (∆ n , M) is a maximal reflexive pair.
A Galois correspondence
The existence of a finite morphism of reflexive pairs
implies the following main geometric relation between Calabi-Yau hypersurfaces in toric Fano varieties P ∆ 1 ,M 1 and P ∆ 2 ,M 2 . Proof. Consider the dual finite morphism
By 4.2.8, φ * induces a finiteêtale morphism
of smooth quasi-projective toric Fano varieties. This morphism is defined by the surjective homomorphism of n-dimensional algebraic tori
whose kernel is dual to the cokernel of the homomorphism of the groups of characters
Therefore,φ * is the quotient by the action of the finite abelian group (M 2 /φ(M 1 )) 
Reflexive simplices
In this section we consider Calabi-Yau families F (∆), where ∆ is a reflexive simplex of dimension n. Let {p 0 , . . . , p n } be vertices of ∆. There exists the unique linear relation among {p i } Obviously, ι ∆ is injective and the image of ι ∆ is contained in the n-dimensional sublattice M(w) in Z n+1 defined by the equation
w i x i = 0.
Note that the image ι ∆ (p i ) is the i-th row of B(∆). We denote by ∆(w) the convex hull of the points {ι ∆ (p i )} in M Q (w). By duality, we conclude. 
Then the quasi-homogeneous equation 
